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1. INTRODUCTION
 .Let A, m be a noetherian local ring with maximal ideal m and I an
 .ideal of A. The fiber cone of I with respect to m is the noetherian
 .graded algebra over the residue field Arm defined as F I sm
[ I nrm I n. This graded object encodes much information on I. FornG 0
instance, when the residue field is infinite its dimension coincides with the
minimal number of generators of any minimal reduction of I, that is,
 .the analytic spread of I. Also, the Hilbert function of F I provides them
w xminimal number of generators of the powers of I. See 30 for basic
information concerning these facts.
The arithmetical properties of fiber cones have been scantily studied. If
I is generated by a regular sequence, or more in general by a family of
 .analytically independent elements, F I is trivially Cohen]Macaulay. Onm
the other hand, C. Huneke and J. Sally proved that if A is Cohen]Macaulay
 .and I is m-primary with reduction number one then F I ism
w xCohen]Macaulay, see 13 . Also, M. Morales and A. Simis have shown in
w x 321 that the fiber cone of the defining ideal of a monomial curve in P
lying on a quadric is always Cohen]Macaulay. That result was extended by
w xP. Gimenez 4 to monomial varieties of codimension two whose Rees
algebra is presented by an ideal generated by elements of degree at most
two.
A more general approach to the Cohen]Macaulayness of the fiber cone
w xwas made by K. Shah in 31 , where the case of equimultiple ideals with
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reduction number at most two was considered. In particular, it was proven
there that if A is Cohen]Macaulay and I is an equimultiple ideal with
reduction number one then the fiber cone of I is always Cohen]Macaulay;
w xsee also 32 for another related result. The first goal of the present paper
is to extend the above results to ideals of any reduction number. We
achieve it, since as a consequence of the basic criterion we prove in
 .Theorem 2.8 we may formulate the following see Theorem 3.2 :
 .THEOREM 1.1. Let A, m be a noetherian local ring and I : A an ideal.
 .Let J be a minimal reduction of I and denote by r I the reduction number ofJ
I with respect to J. Assume that J is generated by a regular sequence and that
n ny1  .  .J l I s JI for all 1 F n F r I . Then, F I is Cohen]Macaulay ifJ m
n ny1  .and only if J l m I s J m I for all 1 F n F r I .J
This result recovers what Shah proved for reduction number at most
two, but our approach is completely different. Namely, a minimal system of
generators of a minimal reduction of I provides a system of parameters of
 .F I composed by homogeneous elements of degree one. Our conditionsm
w xmay then be viewed as a ``mixed-Valabrega]Valla'' like criterion 34 for
this family of homogeneous elements of degree one to be a regular
 .sequence in F I . In order to prove this result, we introduce a filtrationm
of submodules of A whose associated graded module can be thought of as
an intermediate of the associated graded ring of I and the fiber cone of I,
while to control depths we use a slight generalization of the modified
w xKoszul complexes studied by S. Huckaba and T. Marley in 11 . Further-
more, this point of view allows us to extend Shah's results not only to
ideals of any reduction number but also to noetherian filtrations which
include the filtration of the integral closures of the powers of an ideal.
All the above technical results, including our basic criterion, Theorem
2.8, are developed in Section 2, while Section 3 is devoted to studying fiber
cones of equimultiple good filtrations. In particular, we give a criterion to
 .determine when the fiber cone resp. normalized fiber cone of an inte-
grally closed m-primary ideal with second Hilbert coefficient resp. nor-
.malized second Hilbert coefficient one is Cohen]Macaulay, Theorem 3.8
 .resp. Theorem 3.10 . This allows us to characterize the 2-dimensional
rational or elliptic singularities for which the normalized fiber cone is
Cohen]Macaulay, see Theorem 3.11. In Section 4 we prove that if A is
Cohen]Macaulay and I is an analytic deviation one ideal with reduction
number one the fiber cone of I is always Cohen]Macaulay. Finally, in
Section 5 we apply all the above results to determine in each case the
minimal number of generators of the powers or the integral closures of the
powers of the ideal.
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2. MODIFIED KOSZUL COMPLEXES AND
THE DEPTH OF THE FIBER CONE
Let A be a commutative noetherian ring, I an ideal of A, and E an
 .A-module. Let E s E be a filtration of A-submodules of E: E sn nG 0
E = E = ??? = E = ??? . Recall that E is said to be an I-filtration if0 1 n
IE : E for all n G 0. Then, for a given family a , . . . , a of elements inn nq1 1 k
I the A-module E s [ E can be viewed as a graded module over thennG 0
w xpolynomial ring A T , . . . , T by means of the multiplication1 k
f T , . . . , T m s f a , . . . , a m , m g E , .  .1 k i 1 k i i i
w x  .see 17 . Thus we can consider K T , . . . , T ; E the graded Koszul complex1 k
of T , . . . , T with coefficients in E. Its component of degree n1 k
k k k. . .  ky1 2 1K T , . . . , T ; E : 0 ª E ª E ª ??? ª E ª E ª E ª 0 .n 1 k nyk nykq1 ny2 ny1 n
 .is a subcomplex of the Koszul complex K a , . . . , a ; E of a , . . . , a with1 k 1 k
coefficients in E. Hence there exists an exact sequence of complexes
0 ª K T , . . . , T ; E ª K a , . . . , a ; E ª C a , . . . , a ; E; n ª 0, .  . .n 1 k 1 k 1 k
 .  .  .where C a , . . . , a ; E, n s K a , . . . , a ; E rK T , . . . , T ; E .1 k 1 k n 1 k
 .DEFINITION 2.1. The complex C a , . . . , a ; E; n is the nth modified1 k
Koszul complex of a , . . . , a with coefficients in E.1 k
Note that from the natural exact sequence
0 ª K T , . . . , T ; E ª K T , . . . , T ; E .  .1 ky1 1 k
ª K T , . . . , T ; E y1 ª 0 . .1 ky1
and taking components of degree n we get the exact sequence of modified
Koszul complexes
0 ª C a , . . . , a ; E; n ª C a , . . . , a ; E; n .  .1 ky1 1 k
ª C a , . . . , a ; E; n y 1 y1 ª 0, .  .1 ky1
as well as the long exact sequence of homologies
??? ª H C a , . . . , a ; E; n ª H C a , . . . , a ; E; n .  . .  .i 1 ky1 i 1 k
ª H C a , . . . , a ; E; n y 1 . .iy1 1 ky1
?"akª H C a , . . . , a ; E; n ª ??? . . .iy1 1 ky1
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w xSimilarly to 11, Lemma 3.2 , where the case of Hilbert filtrations is
considered, one can explicitly compute some homologies of modified
Koszul complexes. We omit the proof.
LEMMA 2.2.
 .   ..   . .i H C a , . . . , a ; E; n s Er E q a , . . . , a E .0 1 k n 1 k
 .   ..   ..ii H C a , . . . , a ; E; n s E : a , . . . , a rE .k 1 k nykq1 E 1 k nyk
 .iii If a , . . . , a is a regular sequence in E then1 k
H C a , . . . , a ; E; n s a , . . . , a E l E r a , . . . , a E . .  .  . .  .1 1 k 1 k n 1 k ny1
 .Now, let us consider a filtration I s I of ideals of A, i.e., an nG 0
sequence of ideals A s I = I = ??? = I = ??? such that I I : I0 1 n n m nqm
for all n, m G 0. For an ideal I we shall also denote by I its adic
.filtration. A filtration E of an A-module E is said to be I-compatible if
I E : E for all n, m G 0. Observe that if I is an ideal, E is ann m nqm
.  .I-filtration if and only if E is I-compatible. Then, G E s [ E rEn nq1nG 0
 .is in a natural way a graded module over G I s [ I rI , then nq1nG 0
associated graded ring of I.
 .Let a g I and denote by a* its image in I rI ¨ G I . Recall that a1 1 2
 . nfiltration I of ideals A is said to be noetherian if R I s [ I t :nnG 0
w xA t , the Rees ring of I, is noetherian. Then, the associated graded ring of
wI is also noetherian. By a straightforward adaptation of 11, Proposition
x3.3, Lemma 3.4, and Proposition 3.5 we obtain the following:
 .PROPOSITION 2.3. Assume that I is a noetherian filtration and that G E
 .is finitely generated as a G I -module. Let a , . . . , a be a family of elements1 k
in I . Then:1
 .  .  <   ..U Ui depth G E s min j H C a , . . . , a ; E; n / 0 fora , . . . ,a . kyj 1 k1 k
some n.
 .   ..ii If H C a , . . . , a ; E; n s 0 for all n, thenj 1 k
  ..H C a , . . . , a ; E; n s 0 for all i G j and n.i 1 k
 .  .iii Generalized Valabrega]Valla conditions Assume that A is local.
U U  .Then a , . . . , a is a regular sequence in G E if and only if a , . . . , a is a1 k 1 k
 .  .regular sequence in E and a , . . . , a E l E s a , . . . , a E for all1 k n 1 k ny1
n G 1.
Now we turn to the main object of this paper. Let I be a filtration of
ideals of A and H an ideal of A which contains I .1
 .DEFINITION 2.4. The graded ring F I s [ I rHI is the fiberH n nnG 0
cone of I with respect to H.
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Assume that E is an I-compatible filtration. Then we can consider the
 .  .graded F I -module defined by F E s [ E rHE . On the otherH H n nnG 0
hand the following filtration of E
E H s E H , where E H s HE if n G 1, E H s E .n n ny1 0nG0
 H .  .is an I -filtration, hence G E is a graded G I -module. Finally, for any1 1
0  .given element a g I denote by a*, a , and a9 its image in I rI ¨ G I ,1 1 2
 . 2  .I rHI ¨ F I , and I rI ¨ G I , respectively.1 1 H 1 1 1
Our next proposition relates by means of an exact sequence, the Koszul
complex with coefficients in the fiber cone with the modified Koszul
complexes with coefficients in E and E H.
PROPOSITION 2.5. Let a , . . . , a be elements in I . There exists an exact1 k 1
sequence of complexes
0 ª K a0 , . . . , a0 ; F E ª C a , . . . , a ; E H ; n q 1 . .  .n 1 k H 1 k
ª C a , . . . , a ; E; n ª 0, .1 k
 0 0  ..where K a , . . . , a ; F E is the nth component of the graded Koszuln 1 k H
0 0  .complex of a , . . . , a with coefficients in F E .1 k H
Proof. This is straightforward after explicitly writing each complex.
 .PROPOSITION 2.6. Assume that I is noetherian and G E finitely gener-
 .ated as a G I -module. Let a , . . . , a be elements in I . If1 k 1
 .U Udepth G E G r thena , . . . , a .1 k
H K a0 , . . . , a0 ; F E , H C a , . . . , a ; E H ; n q 1 . .  . .  .j 1 k H j 1 kn
for all j ) k y r , for all n.
Proof. From the exact sequence in Proposition 2.5 we get a long exact
sequence of homology
??? ª H C a , . . . , a ; E; n ª H K a0 , . . . , a0 ; F E .  . .  . .iq1 1 k i 1 k H n
ª H C a , . . . , a ; E H ; n q 1 ª H C a , . . . , a ; E; n ª ??? . . . . .i 1 k i 1 k
 .  .  U UIf depth G E G r then by Proposition 2.3 i , H C a , . . . , a ;a , . . . , a . j 1 k1 k
..   0 0  ...E; n s 0 for all j ) k y r and n, hence H K a , . . . , a ; F E ,j 1 k H n
H  ..H C a , . . . , a ; E ; n q 1 for all j ) k y r and n too.j 1 k
 .U UIf we assume that depth G E is the biggest possible we obtain:a , . . . , a .1 k
PROPOSITION 2.7. Under the hypothesis of Proposition 2.6, if
 .  .  H .X XU U 0 0depth G E s k then depth F E s depth G E .a , . . . , a . a , . . . , a . H a , . . . , a .1 k 1 k 1 k
 .Proof. Apply Proposition 2.3 i and Proposition 2.6.
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Finally, writing the above proposition in terms of the generalized
Valabrega]Valla conditions we get:
THEOREM 2.8. Let A be a noetherian local ring, I a noetherian filtration
of ideals of A, and E a filtration of submodules of an A-module E. Suppose
 .  .that E is I-compatible and G E finitely generated as a G I -module, and
let a , . . . , a be a family of elements in I . Assume that1 k 1
 .i a , . . . , a is a regular sequence in A.1 k
 .  .  .ii a , . . . , a E l E s a , . . . , a E for all n G 1.1 k n 1 k ny1
 .  .0 0Then, depth F E s k if and only if a , . . . , a E l HE sa , . . . , a . H 1 k n1 k
 .a , . . . , a HE for all n G 1.1 k ny1
 .Proof. Apply Proposition 2.7 and Proposition 2.3 iii .
3. THE CASE OF EQUIMULTIPLE GOOD FILTRATIONS
 .From now on A, m will be a d-dimensional local ring with an infinite
 .residue field. Let I be an ideal of A and I s I a filtration of idealsn nG 0
of A. Recall that I is said to be I-good if I is an I-filtration and there
exists n such that II s I for all n G n . More generally, I is said to0 n nq1 0
be good if it is I-good for some ideal I : A, equivalently if I is I -good.1
Note that every good filtration is noetherian.
Adic filtrations are good. Recall that if I is an ideal of A, an element
a g A is integral over I if it satisfies an equation an q a any1 q ??? q1
ia s 0, a g I , and that the integral closure I of I is defined as the set ofn i
all such a's. It is then well known that if A is analytically unramified
the filtration given by the integral closures of the powers of an ideal I is
Äalso good. On the other hand, if A is Cohen]Macaulay and I denotes
Änw x  .the Ratliff]Rush closure of I 28 , the filtration I is good whennG 0
 .ht I ) 0.
w x  .In 9 reductions of good filtrations were studied. Let J s J Fn nG 0
 . w xI s I be two filtrations of A. Following 24 , it is said that Jn nG 0
is a reduction of I if there exists a positive integer m such that I sn
w xI J q ??? qI J for all n 4 0. It was observed in 24 that minimalny1 1 nym m
w xreductions of filtrations never exist. On the contrary, it is proved in 9 that
minimal good reductions of good filtrations always exist. Namely, let J be
a good filtration which is a reduction of I. We say that J is a minimal
 .good reduction of I if it does not properly contain any good filtration
 .which is a reduction of I. It can then be shown that J is a minimal good
 n.reduction of I if and only if J s J , where J is a minimal reductionnG 0
w xof I , see 9, Proposition 2.6 . In particular, minimal good reductions of I1
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always exist. By abuse of terminology we say that J is a minimal reduction
of I. Similarly to the adic case, we then define the reduction number of I
 .  < 4with respect to J as the number r I s min n I s JI for all m G n ,J mq1 m
 .   . <and the reduction number of I as r I s min r I J a minimal reduc-J
n4  .tion of I . If A is analytically unramified and I s I denotes thenG 0
 .  .filtration of the integral closures of the powers of I, we set r I s r IJ J
 .for any minimal reduction J of I, and similarly for r I , the normalized
reduction number of I.
Most of the properties of minimal reductions of ideals can be in this way
 .  .extended to good filtrations. Define s I s dim F I to be the analyti-m
cal spread of I. Recall that for a given element a g I we denote by a0 its1
 .image in I rm I ¨ F I . Then, as a natural generalization of the1 1 m
classical result of Northcott and Rees it can be shown that a family of
elements a , . . . , a is a minimal system of generators of a minimal1 n
reduction of I if and only if a0, . . . , a0 is a system of parameters of1 s
 . w x  .F I , see 9, Lemma 2.8 . We also say that I is equimultiple if ht I sm 1
 .s I . Note that if A is Cohen]Macaulay this implies that J is generated
by a regular sequence.
w x  .It is easy to see 9, Lemma 2.7 that for a good filtration I, s I s
 .  .  .dim G I rmG I . The next lemma shows that if depth F I ) 0 thenm
 .  .  .we also have the equality F I s G I rmG I .m
 .LEMMA 3.1. Let I be a good filtration. If depth F I ) 0 thenm
 .  .  .I : m I for all n G 0 and F I s G I rmG I . In particular, ifnq1 n m
 n.I s m then I s m .1 nG 0
Proof. Consider the exact sequence
0 ª m I q I rm I ª F I ª G I rmG I ª 0. .  .  .  .[ n nq1 n m
nG0
 Since I is good I : m I for n 4 0, hence dim [ m I qnq1 n nnG 0
. .  . I rm I s 0. If depth F I ) 0 this implies that [ m I qnq1 n m nnG 0
.I rm I s 0, thus I : m I for all n G 0. Now, if I s m we havenq1 n nq1 n 1
I I : I : m I s I I for all n G 0, that is, I s I I for all n G 0.1 n nq1 n 1 n nq1 1 n
n .This means that I s m .nG 0
w xThe following result extends 31, Theorem 1 and Theorem 2 , where only
adic filtrations with reduction number one and two were considered. Our
result is valid for good filtrations of any reduction number, as well as
showing that the conditions there are also necessary.
THEOREM 3.2. Let I be a good filtration and J a minimal reduction of I.
Assume that
 .i J is generated by a regular sequence, and
 .  .ii J l I s JI for all 1 F n F r I .n ny1 J
DEPTH OF THE FIBER CONE 435
 .Then F I is Cohen]Macaulay if and only if J l m I s J m I for allm n ny1
 .1 F n F r I .J
 .  . 0 0Proof. Let J s a , . . . , a , s s s I . Then, a , . . . , a is a system of1 s 1 s
 .parameters of F I . On the other hand, the equalities J l I s JIm n ny1
 .  .are satisfied for all 1 F n F r I by hypothesis, and also for n ) r IJ J
 .since then I s JI . Thus, by Theorem 2.8, F I is Cohen]Macaulay ifn ny1 m
and only if J l m I s J m I for all n G 1. The statement is then clearn ny1
taking into account that trivially one has that J l m I s J m I forn ny1
 .n ) r I .J
w x Remark 3.3. Note that in 31, Theorem 2 adic case with reduction
. 2number two the stronger condition I m s J m I was used instead of
J l m I 2 s J m I.
 .  .Remark 3.4. Let I s I be a good filtration with r I F 1 andn nG 0
 .  .let J be a minimal reduction of I such that r I s r I . Then I sJ n
J ny1I for all n G 1 and I s J ny1I : I ny1I : I n : I . Therefore I s I n1 n 1 1 1 1 n n 1
for all n G 0 and I is the I -adic filtration.1
w  .x  .COROLLARY 3.5 31, Corollary 1 a . Let A, m be a Cohen]Macaulay
 .  .local ring and I an equimultiple ideal with r I F 1. Then F I ism
Cohen]Macaulay.
Proof. Since A is Cohen]Macaulay and I is equimultiple any minimal
reduction of I is generated by a regular sequence. Let J be such a one
 .  .  .with r I s r I . Then, condition ii in Theorem 3.2 holds trivially. OnJ
the other hand, since any minimal system of generators of J is part of a
minimal system of generators of I we have that J l m I s J m. Conse-
 .quently, F I is Cohen]Macaulay by Theorem 3.2.m
ww xx  2 .EXAMPLE 3.6. Let A s K X , Y , Z, T r T , ZT , XZ y YT s
ww xx < <K x, y, z, t where K is a field with K s `. A is a 2-dimensional
 .2  .. Cohen]Macaulay local ring. Let I s x q z , yt x q z and J s x q
.2 .  . 2z . Then ht I s 1 and I s JI, thus since I is not a complete intersec-
 .  .tion I is equimultiple with r I s 1. By Corollary 3.5, F I ism
wCohen]Macaulay. Note that ArI is not Cohen]Macaulay, see 8, Remark
 .x  . w  .x22.21 , and neither is G I by 8, Proposition 25.1 .
 .PROPOSITION 3.7. Let I s I be a good filtration with I m-primary.n nG 0 1
 .Assume that G I is Cohen]Macaulay and let J be a minimal reduction of
I. The following are then equi¨ alent:
 .  .i F I is Cohen]Macaulay.m
 .  .ii J l m I s J m I for all 1 F n F r I .n ny1 J
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 . U UProof. Let J s a , . . . , a . Then, a , . . . , a is a system of parameters1 d 1 d
 .  .of G I , and so it is a regular sequence since G I is Cohen]Macaulay.
 .Now apply Proposition 2.3 iii and Theorem 3.2.
 .  n.  .Assume now that I is m-primary. Let H n s length ArI and P nI I
denote the Hilbert function and the Hilbert polynomial of I, respectively.
 w x.  .  .  .It is well known see 1, Chap. 4 that H n s P n for n 4 0 and P nI I I
may be written as
d
i n q d y i y 1P n s y1 e I . .  .  .I i  /d y i
is0
w xSuppose furthermore that A is Cohen]Macaulay. Northcott 23 then
 .  .  .  .showed that e I G e I y length ArI G 0 and that e I s 0 if and1 0 1
only if I is generated by a system of parameters of A. It has also been
w x w xproved by Huneke 12, Theorem 2.1 and Ooishi 27, Theorem 3.3 ,
 .  .  .  .independently, that e I s e I y length ArI if and only if r I F 11 0 J
w xfor any minimal reduction J of I. More recently, Sally 29 proved that if
 .  .  .  .d G 2 and e I / 0, then e I s e I y length ArI q 1 if and only if2 1 0
 .  .  2 .for some every minimal reduction J of I, r I s 2 and length I rJI sJ
 . w x1. Also, if such conditions hold then e I s 1, see 11 . Moreover, Sally2
 .  .  .also noted that the equality e I y length ArI q 1 s e I does not0 1
 . w ximply e I / 0. Finally, Itoh 15 has proved that if d G 2 and I is2
 .  .  .  .integrally closed, e I s 1 if and only if e I s e I y length ArI q 1.2 1 0
For such kind of equimultiple ideals which reduction number two we
may then formulate the following:
 .THEOREM 3.8. Let A, m be a Cohen]Macaulay local ring and I a
 .m-primary ideal. Suppose that I is integrally closed and e I s 1. The2
following are then equi¨ alent:
 .  .i F I is Cohen]Macaulay.m
 .  .  2 .ii m JI - m I for any minimal reduction J of I.
 .  .  2 .iii m JI s m I y 1 for any minimal reduction J of I.
  . .Here, m ? denotes the minimal number of generators.
w xProof. Let J be any minimal reduction of I. By 15, Corollary 14 ,
 .  2 .  .r I s 2, length I rJI s 1, and G I is Cohen]Macaulay. Hence byJ
 . nProposition 3.7, F I is Cohen]Macaulay if and only if J l m I sm
ny1 2  2 .J m I for n s 1, 2. On the other hand, m I : JI because length I rJI
s 1, hence the conditions we have to check are equivalent to J l m I s J m
and m I 2 s J m I, where the first equality holds because J is a minimal
reduction of I.
Consider now the exact sequence
0 ª JI ª I 2 ª I 2rJI ª 0.
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Tensoring by Arm we then get the exact sequence
f
2 2 2 2JIrm JI ª I rm I ª I rJI q m I ª 0.
Since I 2rJI q m I 2 s I 2rJI ( Arm we have that m JI s m I 2 if and only
 .  2 2 .if f is injective if and only if rk JIrm JI s rk I rm I y 1 ifA r m A r m
2 2 .  .and only if rk JIrm JI - rk I rm I .A r m A r m
 .Let now A, m be an analytically unramified local ring, and I an ideal
n .of A. As we have already mentioned the filtration I defined by thenG 0
integral closures of the powers of I is good. Suppose furthermore that I is
n .  .m-primary and let H n s length Ar I the normalized Hilbert func-I A
 .  .  .tion of I, and P n its normalized Hilbert polynomial. Then H n s P nI I I
 .for large n and P n may be written asI
d
i n q d y i y 1P n s y1 e I . .  .  .I i  /d y i
is0
Suppose moreover that A is Cohen]Macaulay of dimension d G 2 and I
w xis a parameter ideal. In 16, Proposition 10 and Proposition 12 , Itoh has
2 .  .  .shown that e I y length IrI G length I rII , and that equality holds if1
 .  .  .  .and only if r I F 2. Furthermore, e I G e I y length IrI , andI 2 1
 .equality also holds if and only if r I F 2.1
The following lemma may be obtained from the above result by means
of easy arguments, and so we omit the proof. Note that if d s 2 it can also
w xbe obtained from 12 .
 .LEMMA 3.9. Let A, m be a Cohen]Macaulay local ring of dimension
d G 2 which is analytically unramified, I a m-primary ideal, and J a minimal
reduction of I. Then:
 .  .  .  .i If e I s 0, r I F 1 and I is normal .2 J
2 .  .  .  .ii If e I s 1, r I s 2, and length I rJI s 1.2 J
 .  .  .  .Moreo¨er, if I is integrally closed and e I F 1 then r I F r I , e I2 J J 2
 .F e I , and both equalities hold if and only if I is normal.2
n n n .  .Let I s I and denote by F I s [ I rmI the normalizednG 0 m nG 0
  . .fiber cone of I F A if I s m . Similarly to Theorem 3.8 we obtain:
 .THEOREM 3.10. Let A, m be a Cohen]Macaulay local ring with dimen-
sion d G 2 which is analytically unramified and I a m-primary ideal. If
 .e I s 1 the following are then equi¨ alent:2
 .  .i F I is Cohen]Macaulay.m
2 .  .  .ii m JI - m I for any minimal reduction J of I.
2 .  .  .iii m JI s m I y 1 for any minimal reduction J of I.
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 .Moreo¨er, if I s m , F A is Cohen]Macaulay if and only if m is normal.
 . wProof. First of all note that G I is Cohen]Macaulay by 14, Proposi-
xtion 3 . We may then proceed as in the proof of Theorem 3.8. Finally
 .assume I s m. If F A is Cohen]Macaulay then m is normal by Lemma
 .  .  .3.1. Conversely, if m is normal then F A s G I s G m which is
Cohen]Macaulay as we have already noted.
 .Recall now that if A, m is an analytically unramified local ring of
dimension d and I is m-primary, the normal genus of I is defined as
 .  .  .   . <g I s e I , and the arithmetical genus of A as p A s sup g I I isd g
4 w xm-primary , see 25 . Assume in addition that A is 2-dimensional and
Cohen]Macaulay. It can be then shown that for any m-primary ideal
1 .   ..I : A, the normal genus g I equals length H X, O where X sX
  .. w xProj R I 25, Theorem 3.1 . If A is also analytically normal then by
w x  .Lipman 19 there exists a desingularization Y ª Spec A , and the integer
 1 ..  .length H Y, O does not depend on Y and equals H A sY
  1 .. <  .sup length H Z, O Z ª Spec A a proper birational map with Z nor-Z
4mal . Furthermore, if A is normal such a desingularization can be ob-
tained by blowing up an m-primary ideal. Therefore, if A is analytically
 .  .normal we have that p A s H A . The ring A is said to be a rationalg
 .  .singularity if H A s 0, and elliptic if H A s 1.
As a consequence of Theorem 3.10 we may characterize rational or
elliptic singularities for which the normalized fiber cone is Cohen]
Macaulay. Namely:
 .THEOREM 3.11. Let A, m be a 2-dimensional Cohen]Macaulay local
 .ring which is analytically normal. If A is a rational singularity, then F A is
Cohen]Macaulay. If A is an elliptic singularity the following are equi¨ alent:
 .  .i F A is Cohen]Macaulay.
 .ii m is normal.
 .  .  .iii m is normal and r m s 1, or r m s 2.
 .Proof. If F A is Cohen]Macaulay then m is normal because of
 .  .Lemma 3.1. Assume now that m is normal. Then r m s r m by Lemma
 .  .3.9 and so r m F 2 since g m F 1.
 .  .  .  .For iii « i we only need to show that if r m s 2 then F A is
Cohen]Macaulay. But, by Lemma 3.9 we have that m is normal with
 .  .e m s 1, hence by Theorem 3.10 F A is Cohen]Macaulay.2
 w x.EXAMPLE 3.12 we use the notation of 3, Chap. 4 .
 . ww xx  4 4 2 . i Let A s C x, y, z r x q y q z the local ring of an elliptic
Ä .complex surface singularity of type E . It's easy to see that in this case7
 .  .r m s 1 and m is not normal, hence F A is not Cohen]Macaulay.
  .  . .Note that r m / r m .
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3 3 3 Ä . ww xx  .  .  .ii Let A s C x, y, z r x q y q z type E . Then r m s 2,6
 .thus F A is Cohen]Macaulay by Theorem 3.11.
6 3 2 Ä . ww xx  .  .iii Let A s C x, y, z r x q y q z type E . Now we have8
 .  .r m s 1, and it can be shown that m is normal. Therefore, F A is
Cohen]Macaulay.
4. THE CASE OF ANALYTIC DEVIATION ONE IDEALS
Let I be an ideal of A. Recall that the analytic deviation of I is defined
 .  .  .  w x.as the difference ad I s s I y ht I see 10 . The arithmetical proper-
ties of blow up rings of ideals with small analytic deviation have been
w xdeeply investigated in recent years, see, e.g., 10, 5, 6, 35, 7 , and the results
are particularly good when the reduction number of I is also small. Our
main goal in this section is to show that the fiber cone of any analytic
deviation one ideal with reduction number less or equal to one is
Cohen]Macaulay.
The next lemma summarizes most of the properties concerning minimal
reductions of analytic deviation one ideals we shall use. We say that I is
 .  .  .generically a complete intersection if m I s ht I for all p g Min ArI .p
 .LEMMA 4.1. Let A, m be a local Cohen]Macaulay ring, and I a
 .  .generically complete intersection ideal of A with ht I s h. Assume ad I s 1
and let J be a minimal reduction of I such that I 2 s JI. Then, there are
elements a , . . . , a in J such that:1 hq1
 .  .i J s a , . . . , a and a , . . . , a is a regular sequence.1 hq1 1 h
 .  .  .ii I s a , . . . , a for all p g Min ArI .p 1 h p
 .  .m n . m  .miii a , . . . , a : a l I s a , . . . , a for all n, m ) 0.1 h hq1 1 h
 .  . i n  . i nyiiv If h G 1, a , . . . , a l I s a , . . . , a I for all n G 1, i s1 h 1 h
1, . . . , n y 1.
 .  . w x w  .Proof. For i and ii see 35, Lemma 2.2 . By 10, Remark 2.1 iii and
 .x  .  .Lemma 2.5 ii we get iii and iv .
Now we state the main result of this section.
 .THEOREM 4.2. Let A, m be a Cohen]Macaulay local ring and I an
 .ideal of A. Assume that I is generically a complete intersection, ad I s 1,
 .  .and r I F 1. Then, F I is Cohen]Macaulay.m
 .  .Proof. This is by induction on h s ht I . Assume h s 0 and let J s a1
 .be a minimal reduction of I as in Lemma 4.1. Since dim F I s 1 itm
0  .suffices to show that a g Irm I ¨ F I is not a zero divisor. This is1 m
 nq1 . n nequivalent to showing that m I : a l I s m I or all n G 0, which is1
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clear if n s 0 since a is part of a minimal system of generators of I.1
 nq1 . n  .Assume n ) 0 and let x g m I : a l I . Since r I F 1 we have1
nq1 n n n I s a I , so xa g m a I and there exists y g m I such that a x y1 1 1 1
.  .  nq1 . n ny s 0. By Lemma 4.1 iii , x y y s 0 and so m I : a l I s m I .1
 .Assume now that h G 1 and let J s a , . . . , a be a minimal reduc-1 hq1
tion of I as in Lemma 4.1. First we are going to show that a0, . . . , a0 is a1 h
 .  .regular sequence in F I . By Theorem 2.8 it suffices to show that im
 . nq1  . h  .  . nq1a , . . . , a l I s a , . . . , a I , and ii a , . . . , a l m I s1 h 1 h 1 h
 . n  .a , . . . , a m I , for all n G 0. Part i is a direct consequence of Lemma1 h
 .  .  .  .4.1 iv , so let us prove ii . If n s 0 then a , . . . , a l m I s a , . . . , a m1 h 1 h
because a , . . . , a is part of a minimal system of parameters of I. Assume1 h
 .  . nq1  . nn ) 0. Since r I F 1 then a , . . . , a l m I s a , . . . , a l m JI1 h 1 h
 .   . n n.  . ns a , . . . , a l m a , . . . , a I q m a I s m a , . . . , a I1 h 1 h hq1 1 h
 . n.  .q a , . . . , a l m a I . Thus it suffices to show that a , . . . , a l1 h hq1 1 h
n  . n  . nm a I : m a , . . . , a I . Let xa g a , . . . , a with x g m I . Thenhq1 1 h hq1 1 h
 .  .  .x g I l a , . . . , a : a and by Lemma 4.1 iii , x g a , . . . , a . Hence1 h hq1 1 h
n  .  . ny1x g m I l a , . . . , a s a , . . . , a m I by induction. Consequently,1 h 1 h
 . nxa g m a , . . . , a I as we wanted to show.hq1 1 h
 .  .Now set B s Ar a , . . . , a , m s mr a , . . . , a , and I s1 h 1 h
 .  .  .Ir a , . . . , a . Then B is Cohen]Macaulay, ad I s 1, and r I F 1.1 h
0 0 .  .  .  .Furthermore, F I r a , . . . , a , F I , hence by induction F I ism 1 h m m
 .Cohen]Macaulay and so F I is.m
Remark 4.3. Note that one can find analytic deviation one ideals with
 .  .r I s 1 such that the associated graded ring G I is not Cohen]Macaulay,
w xsee 35, Example .
Remark 4.4. By means of Theorem 4.2 we may also recover the case of
3 wmonomials curves in P lying on a quadric. Indeed, by 21, Proposition
 .x3.1.2 the defining ideal of such a curve has analytic deviation and
reduction number one.
5. THE HILBERT FUNCTION OF COHEN]MACAULAY
FIBER CONES
In this section we want to describe the behaviour of the Hilbert function
 .of Cohen]Macaulay fiber cones. So assume A, m is a local ring, I s
 .I a good filtration of ideals of A, and let J be a minimal reductionn nG 0
of I. There exists a finite morphism of graded rings defined by
F
F J ª F I .  .m m
n n 0a g J rm J ¬ w a s a g I rm I . n n
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 .note that F is injective in degree one since J l m I s m J . Further-1
more, J is generated by a family of analytically independent elements and
 .  .  .so F J is a polynomial ring in m J s s I variables. As a consequencem
 .  .we have that F I is a Cohen]Macaulay ring if and only if F I is freem m
 .   ..as a F J -module. In particular, the multiplicity e F I equals its rank,m m
 .  .and since JF I s [ J q m I rm I is generated by a system ofm n nnG1
 .   .  ..   ..parameters of F I with dim F I rJF I s 0 we obtain e F Im m m m
  .  ..s length F I rJF I .m m
We summarize the above considerations in the following lemma.
 .LEMMA 5.1. Let A, m be a local ring and I a good filtration of ideals
of A. Let J be a minimal reduction of I. Then:
 .  .  .i F I is Cohen]Macaulay if and only if F I is free as a gradedm m
 .F J -module.m
 .  .ii If F I is Cohen]Macaulay thenm
rk F I s e F I s length F I rJF I . .  .  .  . .  .  .F  J . m m m mm
 .Remark 5.2. Observe that if F I is Cohen]Macaulay then them
morphism F must be injective, hence J n l m I s m J n for all n G 0.n
In the following result we describe the behaviour of the Hilbert function
w xof a fiber cone which is Cohen]Macaulay. It generalizes 31, Theorem 6
to good filtrations.
 .  .THEOREM 5.3. Let A, m be a local ring and I s I a goodn nG 0
 .filtration of ideals of A. Let J be a minimal reduction of I, r s r I , andJ
 .  .s s s I . If F I is Cohen]Macaulay thenm
r
n q s y i y 1
m I s m I y length JI rJI l m I .  .  . .n i iy1 iy1 i  /s y 1
is0
`
n q s y i y 1s m I y length JI rJI l m I . .  . . i iy1 iy1 i  /s y 1
is0
 .Proof. Consider the family of elements in F I given bym
0 0 0 0  44  41, a , . . . , a , where 1 g Arm and a , . . . , a is a basis of thei i is1, . . . , r i i1 r 1 ri i
Arm-vector space I rm I q JI , for all i s 1, . . . , r. It's then clear thati i iy1
  0 0 44  .  .1, a , . . . , a is a system of generators of F I as a F J -i i is1, . . . , r m m1 r i
  .module which is a basis because its cardinal equals length F I rm
 ..   .. i 0JF I s rk F I . Let b denote a , for all i s 1, . . . , r andm F  J . m j im j
 . r  r i i  ..j s 1, . . . , r . Then, F I s [ [ b F J and taking the piece ofi m j mis1 js1
r  i i .  .degree n we get I rm I s [ b , . . . , b F J for all n G 0. Sincen n 1 r m nyiis0 i
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n q s y i y 1  . .  .  .  .length F J s we have that m I s length I rm I sm nyi n n ns y 1
r n q s y i y 1 .  . r . Furthermore, r s length I rm I q JI s lengthis0 i i i i iy1s y 1
 .  ..  . I rm I r m I q JI rm I s length I rm I y length m I q JI ri i i iy1 i i i i iy1
.  .  .m I s m I y length JI rJI l m I . The sum can be extended to `i i iy1 iy1 i
since I s JI for i ) r.i iy1
Remark 5.4. As a by-product of the above result we also get that if
 .  .  .F I is Cohen]Macaulay then r I and length JI rJI l m I arem J iy1 iy1 i
independent of J for all i G 0. The part concerning the independence of
wthe reduction number can also be deduced for adic filtrations from 18,
x w xProposition 4.25 . See 9, 20, 33 for other related results.
Remark 5.5. It may be proven in the adic case that the converse of
w xTheorem 5.3 also holds, see 2 . The same idea can be applied for the case
of good filtrations: Assuming that particular form for the Hilbert function
of the fiber cone and after a straightforward computation one gets that the
 .  .  .multiplicity of F I coincides with the length of F I rJF I , hencem m m
 .F I being Cohen]Macaulay. We thank J. Verma for explaining thatm
to us.
In the particular case of m-primary good filtrations whose associated
graded ring is Cohen]Macaulay we may express the Hilbert function of
the fiber cone in a better way. As a consequence we also give an
w  .xaffirmative answer to what Shah conjectured in 31, Question 3 d .
 .  .COROLLARY 5.6. Let A, m be a local ring and I s I a goodn nG 0
filtration such that I is m-primary. Let J be a minimal reduction of I and1
 .  .  .r s r I . If G I and F I are Cohen]Macaulay thenJ m
r
n q d y i y 1
m I s m I y m JI for all n G 0. .  .  . .n i iy1  /d y 1
is0
 .  .Furthermore, m I y m JI G 0 for all i s 0, . . . , r.i iy1
Proof. By Proposition 3.7, JI l m I : J l m I s J m I : JI liy1 i i iy1 iy1
m I for all 0 F i F r, thus JI l m I s J m I for all 0 F i F r. Now,i iy1 i iy1
 .  . apply Theorem 5.3 and note that m I y m JI s length I rm I qi iy1 i i
.JI G 0 for all i s 0, . . . , r.iy1
 .COROLLARY 5.7. Let A, m be a local ring and I an ideal of A with
 .  .  . r I s 1. Let s s s I and assume F I is Cohen]Macaulay for instance,m
.if A is Cohen]Macaulay and I is equimultiple . Then
n q s y 1 n q s y 2nm I s q m I y s for all n G 0. .  . . /  /s y 1 s y 1
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Proof. Apply Theorem 5.3 taking into account that if J is a minimal
reduction of I then J l m I s m J.
If I is an analytic deviation one ideal with small reduction number we
then obtain:
 .COROLLARY 5.8. Let A, m be a Cohen]Macaulay local ring and I an
 .ideal of A with ht I G 1. Assume I is generically a complete intersection,
 .  .  .ad I s 1, and r I s 1. Set h s ht I . Then
n q h n q h y 1nm I s q m I y h y 1 for all n G 0. .  . . /  /h h
 .Proof. F I is Cohen]Macaulay by Theorem 4.2.m
As for m-primary ideals whose second Hilbert coefficient is equal to
one we record the following nice formula if d s 2.
 .COROLLARY 5.9. Let A, m be a 2-dimensional Cohen]Macaulay local
 .ring and I a m-primary ideal which is integrally closed. Assume e I s 1 and2
 .F I is Cohen]Macaulay. Thenm
m I n s nm I for all n G 0. .  .
 .Proof. Let J be a minimal reduction of I. By Lemma 3.9, r I s 2J
 .  .and G I is Cohen]Macaulay. Furthermore, by Theorem 3.8, m JI s
2 n n q 1 .  .  .   . .m I y 1. Hence by Corollary 5.6 we get m I s q m I y 2 q1
n y 1 .  .s nm I for all n G 0.1
Similarly, if the second normalized Hilbert coefficient is one we obtain:
 .COROLLARY 5.10. Let A, m be a 2-dimensional Cohen]Macaulay
local ring which is analytically unramified and I a m-primary ideal. Assume
 .  .e I s 1 and F I is Cohen]Macaulay. Then2 m
nm I s nm I for all n G 0. . .
Finally, we may also recover the following result concerning the minimal
number of generators of the powers of the maximal ideal of an elliptic
surface singularity.
w x  .COROLLARY 5.11 26, Corollary 3.6 . Let A, m be a local ring and
 n.  .assume A is an elliptic surface singularity. Then, either m m s e A n q 1
  . .  n.  .  .s emb A y 1 n for all n G 0, or m m s e A n s emb A n for all
n G 0.
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 .  .Proof. Since A is elliptic g m F 1 and by Lemma 3.9, r m F 2. If
 .  .r m s 1 then G m is Cohen]Macaulay by Corollary 3.5, hence by
 n.   . .  .Corollary 5.7, m m s emb A y 1 n q 1 s e A n q 1 for all n G 0. If
 .  .  .r m s 2 then m is normal by Lemma 3.9, and F A s G m is
Cohen]Macaulay by Theorem 3.10. Now apply Corollary 5.10 to get
n .  .  .m m s e A n s emb A n for all n G 0.
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